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The generalized Duffin-Kemmer-Petiau equation in curved space-time is proposed for non-minimal coupling to the
curvature and external fields. The corresponding scalar and vector fields equation are found. Equations are presented,
which are equivalent to those of a scalar field with conformal coupling and electromagnetic field with non-minimal
coupling to the curvature. The gauge-invariant Duffin-Kemmer-Petiau equation with non-minimal coupling is given.
1. Introduction
The Duffin-Kemmer-Petiau (DKP) equation is a first-
order relativistic wave equation for spin 0 and 1 bosons
[1]. Recently there has been an increasing interest to
DKP theory in external fields and curved space-time
(see [2] and references there). For minimal coupling to
the curvature or an external vector field, the DKP equa-
tion in the scalar case is equivalent to the corresponding
Klein-Gordon-Fock equation [2, 3]. For the vector case,
the DKP equation with minimal coupling is equivalent
to the Maxwell or Proca equations.
In the DKP formalism, a wave function is multicom-
ponent. That is why the simplest non-minimal inter-
actions with external fields have a more complicated
structure than in usual formalism. It has applications
in describing of interactions of mesons with nuclei [4],
for studies of pionic atoms [5] etc. The question on
non-minimal coupling to the curvature in the DKP for-
malism was not considered earlier, with the exception of
the work [6]. However, in this work, the DKP equation
with conformal coupling was written only using an aux-
iliary field obeying contradictory conditions: this field is
vector for general coordinate transformation and is con-
structed only from the metric tensor and its derivatives.
In the present work, a generalized DKP equation is
introduced, with non-minimal coupling to the curvature
and external fields, and the corresponding scalar and
vector field equations are found. We use the system
of units where h¯ = c = 1. The signs of the curvature
tensor and the Ricci tensor are chosen such that R ijkl =
∂ lΓ
i
jk − ∂kΓ
i
jl + Γ
i
nlΓ
n
jk − Γ
i
nkΓ
n
jl and Rik = R
l
ilk ,
R = Rkk , where Γ
i
jk are Christoffel symbols.
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2. DKP formalism
The DKP equation for a field with mass m is given by
(iβa∂a −m)ψ = 0 , (1)
where the matrices βa obey the algebraic relations
βaβbβc + βcβbβa = βaηbc + βcηba, (2)
and ηab is a constant diagonal matrix (in particu-
lar, diag(1,−1, . . . ,−1)). For the space-time dimension
N = 4, the DKP algebra (2) has 5- (corresponding to
spin 0), 10- (corresponding to spin 1) and 1-dimensional
(trivial) irreducible representations.
Each component of the free massive DKP field obeys
the Klein-Gordon-Fock equation, because
d(∂)(iβa∂a −m) = −(∂a∂
a +m2)I , (3)
where I is the identity matrix and
d(∂) = mI + iβa∂a +
(
2ηab− βaβb− βbβa
)∂a∂b
2m
. (4)
The DKP equation for the massless case was written by
Harish-Chandra [7]
iβa∂aψ − γψ = 0 . (5)
Here γ is a singular matrix satisfying
βaγ + γβa = βa, γ2 = γ . (6)
If γ is a solution to (6), then 1 − γ is also one. The
following theorem takes place [7]: for any irreducible set
of matrices βa there exist either none or just two such
matrices γ .
We introduce Umezawa projectors [8], generalized to
N -dimensional case, and an arbitrary diagonal matrix
(ηab):
P = det(ηab)(β
0)2(β1)2 · · · (βN−1)2, P a = Pβa, (7)
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Qa = det(ηab) (β
1)2 · · · (βN−1)2[ηa0 − βaβ0] , (8)
Qab = Qaβb . (9)
Under the infinitesimal Lorentz transformations
x′ a = Λabx
b, Λab = δ
a
b + ω
a
b , ωab = −ωba (10)
we have ψ′(x′) = S(Λ)ψ(x),
S(Λ) = 1 +
1
2
ωabS
ab, Sab = βaβb − βbβa, (11)
and Pψ transforms as scalar, P aψ and Qaψ as vectors,
and Qabψ as antisymmetric tensor of second rank.
The DKP equation for curved space is generalized [2]
analogously to the Fock-Ivanenko-Weyl method [9] for
the Dirac equation. On a space-time manifold, a sets
of N vector fields e i(a)(x) and e
(b) i(x) (tetrads in the
four-dimensional case) are introduced with the relations
e i(a)e(b)i = ηab , e
i
(a)e
(b)
i = δ
b
a . (12)
The covariant derivative of the DKP field ψ is defined
by
∇kψ =
(
∂k +
1
2
ωkabS
ab
)
ψ , (13)
where the “spin” connection ωkab obeys the relations
ωkab = e(a)l e
j
(b)Γ
l
jk− e
j
(b)∂ke(a)j , ωkab = −ωkba.(14)
The DKP equations in curved space-time, for the mas-
sive and massless fields, are written as
iβk∇kψ −mψ = 0 , iβ
k∇kψ − γψ = 0, (15)
where βk = e k(a)β
a . There equations are equivalent to
those of minimally coupled scalar or vector fields [2, 10].
3. Nonminimal coupling to curvature
Usually, in quantum theory in curved space-time, a
scalar field is considered with the Lagrangian
L(x) =
√
|g|
[
∂iϕ
∗∂iϕ− (m2+ Vg)ϕ
∗ϕ− U(ϕ∗ϕ)
]
(16)
and the corresponding equation of motion(
∇i∇i + Vg +m
2 + U ′(ϕ∗ϕ)
)
ϕ(x) = 0 , (17)
where ∇i are covariant derivatives in the metric gik, g =
det(gik), U(ϕ
∗ϕ) is self-interaction, Vg = 0 for min-
imal coupling to curvature. In the case Vg = ξcR ,
where ξc = (N − 2)/[4(N − 1)] (conformal coupling),
the massless equation is conformally invariant if U =
λ(ϕ∗ϕ)N/(N−2) , λ = const. For Vg of arbitrary form,
the third and fourth derivatives can appear in the metric
energy-momentum tensor and the Einstein equations.
However, for the Gauss-Bonnet-type coupling [11]
Vg = ξR+ χ(RlmpqR
lmpq − 4RlmR
lm +R2) (18)
the energy-momentum tensor does not contain higher
than the second-order derivatives of the metric.
The electromagnetic field with the tensor F ik =
∂iAk − ∂kAi and a minimal coupling to curvature has
the equation
∇iF
ik = 0 , (19)
which is conformal invariant if N = 4. For a vector
field with nonminimal coupling to the curvature, the
equation is often chosen [12]-[17] in the form
∇i
(
(1 − λ1R)F
ik − λ2(R
i
nF
nk −RknF
ni)−
−λ3R
iklmFlm
)
+ (ξ1R+m
2)Ak + ξ2R
k
iA
i = 0, (20)
where λ1, λ2, λ3, ξ1, ξ2 are constants. The correspond-
ing Lagrangian is
Lv = −
1
4
√
|g|FikF
ik + LI + LII , (21)
where
LI =
√
|g|
4
[
λ1RFikF
ik + 2λ2RikF
inF kn +
+λ3RiklmF
ikF lm
]
, (22)
LII =
√
|g|
2
[
(ξ1R+m
2)AiA
i + ξ2RikA
iAk
]
. (23)
The additional terms from (23) broke the gauge invari-
ance of the theory. The additional terms from (22) can
produce a lot of new effects: photons creation in expand-
ing Universe [14] (for Eq. (19), photons do not create
due to conformal invariance); polarization dependence
of the photon trajectory [16]; variation of the speed of
light in curved space [17], etc.
4. DKP equation with non-minimal
coupling
We consider the generalized DKP equations for non-
minimal coupling to the curvature and external fields:
iβk (∇k + iBk)
(
1 + γ
∑
ζk1···kpβ
k1. . . βkp
)
ψ −
−αγψ −
∑
Vk1··· kqβ
k1. . . βkq (1− γ)ψ = 0, (24)
where α = const 6= 0, Bk(x) is an external vector field,
ζk1··· kp(x), Vk1··· kq (x) (p, q = 0, 1, 2, . . .) are arbitrary
external fields, e.g., R, Rik, Riklm . To find the scalar
equation corresponding to Eq. (24), we use the DKP
algebra and the following relations: P iβj = gijP ,
P∇iψ = ∇i(Pψ) = ∂i(Pψ) = P∂iψ , (25)
P i∇kψ = ∇k(P
iψ) = ∂k(P
iψ) + Γ ilkP
lψ , (26)
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P
∑
Vk1···kqβ
k1 . . . βkq =
=
∑
even
V k2k2 ··· kq
kqP +
∑
odd
V
k1 kq−2
k1 ··· kq−2 kq
P kq , (27)
P k
∑
ζk1··· kpβ
k1 . . . βkp =
=
∑
even
ζ
k k2 kp−2
k2 ··· kp−2 kp
P kp +
∑
odd
ζk k3k3 ··· kp
kpP, (28)
where P i = e i(a)P
a ,
∑
even
and
∑
odd
denote summation
with even and odd number of indices. Multiplying (24)
by (1−γ)P and (1−γ)P l and taking into account (25)–
(28), and the equalities following from (6)
γ(1−γ) = 0, γβk = βk(1−γ), γβiβk = βiβkγ, (29)
γP = Pγ , γP k = P k(1− γ), (30)
we obtain
(1− γ)
[
iDk
((
δkl +
∑
even
ζk k2k2 ··· l
)
P l +
+
∑
odd
ζ
k k3 kp
k3 ··· kp
P
)
−
∑
even
V
k2 kq
k2 ··· kq
P
]
ψ = 0 , (31)
(1 − γ)P lψ =
1− γ
α
[
iDl −
∑
odd
V
l k3 kq
k3 ···kq
]
Pψ , (32)
where Dk = ∇k + iBk . Substituting (32) in (31), one
obtains an equation for the scalar component φ ≡ (1 −
γ)Pψ :
{
Dk
[(
gkl+
∑
even
ζ
k k3 kp−1 l
k3 ··· kp−1
)(
Dl+ i
∑
odd
V
k3 kq
l k3 ··· kq
)]
−
−iαDk
(∑
odd
ζ
k k3 kp
k3 ··· kp
)
+ α
∑
even
V
k2 kq
k2 ··· kq
}
φ = 0 . (33)
For a scalar representation of the DKP algebra, this
equation is equivalent to (24). The DKP equation cor-
responding to Eq. (17) may be written as
iβk∇kψ−αγψ−
1
α
(
m2+VgP +U
′P
)
(1−γ)ψ = 0, (34)
where U ′ = U ′(α−1ψ+P+(1−γ+)(1−γ)Pψ). If m 6= 0,
then the choice α = m gives identical dimensions of
different components of the DKP field. For the massless
case we take α = 1, then the dimensions of Pψ and
P kψ are different.
For spin 1 we take into account that
Qik = −Qki , Qiβkβl = Qikβl = Qigkl−Qkgil(35)
and introduce the tensors Elkmn , O
lk
n , H
l
n , G
lk
n :
Qlk
(
1 +
∑
even
ζk1··· kpβ
k1 · · ·βkp
)
= ElkmnQ
mn, (36)
Qlk
∑
odd
ζk1···kpβ
k1 · · ·βkp = OlknQ
n, (37)
Ql
∑
even
Vk1···kqβ
k1 · · ·βkq = H lnQ
n, (38)
Qlk
∑
odd
Vk1··· kqβ
k1 · · ·βkq = GlknQ
n. (39)
Multiplying (24) by (1− γ)Ql and (1− γ)Qln , one ob-
tains
(1−γ)
[
iDk
(
ElkmnQ
mn+OlknQ
n
)
−H lnQ
n
]
ψ = 0, (40)
(1− γ)Qlnψ =
=
1− γ
α
[
i
(
DnQl −DlQn
)
−GlnmQ
m
]
ψ. (41)
We denote Ak = (1− γ)Qkψ ,
F ik =
(
DiQk−DkQi
)
(1− γ)ψ = DiAk−DkAi,
and substitute (41) in (40). As a result, we have
Dk
(
ElkmnF
nm
)
+
+
[
iDk
(
ElkmnG
mn
p − αO
lk
p
)
+ αH lp
]
Ap = 0. (42)
For a vector representation of the DKP algebra, this
equation is equivalent to (24). In particular, for a vector
representation, the following DKP equation:
iβk∇k
(
1− γ
(
λ1R+ λ2Rmnβ
mβn + (43)
+
λ3
2
(Rmnβ
mβn +Rmnpqβ
mβpβnβq)
))
ψ − αγψ −
−
1
α
(
m2 + ξ1R+ ξ2(R−Rmnβ
mβn)
)
(1− γ)ψ = 0
reproduces Eq. (20) with non-minimal coupling.
The DKP equation
iβk∇k
(
1 + γ
∑
ζk1··· k2nβ
k1 . . . βk2n
)
ψ − γψ = 0 (44)
is invariant under the transformation
ψ → ψ + (1− γ)Φ , if γβk∇kΦ = 0 . (45)
In a vector representation, such transformations corre-
spond to addition of derivatives of some scalar func-
tion to the components Ak = (1 − γ)Qkψ [10], i.e.,
Eq. (44) corresponds to the non-minimally coupled
gauge-invariant vector field.
The DKP equation of the form
iβk∇kψ − γψ − ξcRP (1− γ)ψ = 0 (46)
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describes the conformally invariant scalar field in a
scalar representation of the DKP algebra and the min-
imally coupled electromagnetic field (19), for a vector
representation (P = 0).
For DKP algebra representations in which
(β0)+ = β0 , (βν)+ = −βν , γ+ = γ , (47)
where ν = 1, . . . , N − 1, the Lagrangian for the DKP
equation can be written similarly to that for the Dirac
equation. For examples, the Lagrangian corresponding
to Eq. (34) is
L =
√
|g|
[
iψγβk∇kψ − i∇kψβ
kγψ − αψγψ − (48)
−α−1ψ(m2+ VgP )(1− γ)ψ − U
(
α−1ψ(1− γ)Pψ
)]
,
where ψ = ψ+η0 is the DKP conjugate function, η0 =
2(β0)2/η00 − 1,
∇kψ = ∂kψ −
1
2
ωkabψS
ab. (49)
Thus the DKP formalism is an equivalent form for
the description of scalar and vector fields with various
types of coupling to the curvature and external fields
(see Eqs. (24), (33), (42) and the particular cases (34),
(43), (44), (46)). Taking into account a possible non-
minimal coupling of the scalar and vector fields to cur-
vature may be important for the early Universe. The
questions concerning the type of coupling to the curva-
ture pertain to experiment. The generalized DKP equa-
tions can be used in those problems, where the general
covariance is required and the formalism of first-order
differential equations is preferable.
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